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Noncommutative space (Moyal) with a noncommutative product
(fxg)(x) # (g f)(x) for f, g € S(R?)

The vector space of Schwarz functions has a matrix basis
— "dynamical" matrix model

Schwinger-Dyson equations + Ward-Takahashi identities
— closed integral equation (for qb‘?b and qﬁ‘b in the large V, N limit)

$3 was solved for D = 2, 4,6 by Grosse, Sako, Wulkenhaar ('17,18)
¢* was solved for D = 2 by Panzer, Wulkenhaar (two weeks ago)

®3 and ¢* are in the same class of models
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Example ¢3

The action is

N H,., N A N
5[¢] =V ZO T¢nm¢mn + K ;)(bnn + § ZI_O ¢nm¢ml¢ln) 5

2
where ¢ Hermitian matrix, Hym = E, + Em, Em = ) + 5 energy
distribution, V deformation parameter of the Moyal plane and &
renormalization parameter.

Z[J] = fDqﬁexp (—5[¢] + VZn,m Jnm¢mn): ¢nm s %%ﬂm

Z[J
% ~1+V3, G|n\-jnn

+ Zn,m (% G|nm|Jnmen + (V72 G|,,| G|m| + %G‘n|m|) J,,,,Jmm) + ..

Alexander Hock




Schwinger-Dyson equation + Ward-Takahashi identity

1 A A
Gp = “Hyp <_H_ v Z Gpm — V2 Gplp — )‘G2>

m=0

&
1 Gy — G
Goypy = 77— | 1+ )\”1”2)
prpe HP1P2 < EP1 - EP2
Ward identity: Z should be invariant under ¢ — UoUT, U € U(N)
2
o aJ,,kakaZ[J] = ﬁ S0 (Jkn% - Jmk%nk) Z[J]

Limit V,N—> oo with & = A2

lim & SN o F fo ) with x = ¢
— closed integral equatlons
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3-colour scalar model in 2D

3 scalar fields ¢? for a € {1,2,3} with the same energy distribution,
where ¢? is a Hermitian matrix.
The action is definite *

S[d)] Z Z nt 5 Z Z Uabc¢nm¢ I(plcn )

a=1nm=0 abc 1 n,m,/I=0

2
where Hym = Ep + Em, En = 5 + ), 0abc = |€abc| and V as
deformation parameter of the Moyal space.

Z[J) = [ (321 D6?) exp (=S[é] + V X3y S o Jaminn)
nm <7 V%ﬁm

1arXiv:1804.06075 with R. Wulkenhaar
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Correlation functions are expansion coefficients of log Z%}.

The first terms are

2]

Z[O] 1+

3
a=

‘ Z ( G\nm|Jﬁer‘?nn + §G|n|m\Ja Ja )

3 N 1 b

+ > > O’abc< Gt JamJmiJin + 5 CinlmifJn It
a,b,c=1 n,m,|=0

1
+ 6—VG7,“€L|,|J“’ Jb Jﬁ) +
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Example of a Schwinger-Dyson equation

1 Ao
aa _ + Tab
P1p2 1 + p1 + P> Hp1p2 b7C21 abc

1%Gm_+1am L galbe  Opipa calble
~ Vv A pip2n * /2 Tpilpip2 ' \/2 T p2|pip2 V3 Thilpilp2 )¢
n—=

One gets a tower of D-S equations.
Try to decouple the tower in the large A/, V limit with
Ward-Takahashi identities
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Ward-Takahashi identities

SI8] =V (3t S0 52 6mn + 33 bcmt St i—0 Tabcbam i)

The identity is obtained by the invariance of Z[J] under U(N)
transformation

Alexander Hock



Ward-Takahashi identities

SI9] =V (231 XN 042 6min + 35,1 Lm0 Tabebam® 55

The identity is obtained by the invariance of Z[J] under U(N)
transformation (¢ — UpUT).

For the ¢?’D/4 model

N 2
0 Vv 0 0
_ =0 Z[J] =o.
2 (aJnkaka & e o kaJnk)> 2
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Ward-Takahashi identities

3 N Hpm A3 N
S[d)] - V( a=1 Zn,m:O 2 d’fw‘%fnn + §Za,b,c:1 Zn,m,l:O Uabc¢zm¢sql¢fn>

The identity is obtained by the invariance of Z[J] under U(N)
transformation (¢? — Ugp?UT, Va).
Simultaneous transformation of all 3 fields
3 N 2
0 %4 0 0
5 (n - (s oy ) ) 211 =0
k=0 8Jnka‘lkm (En - Em) 8ka 8Jnk

a=1

Alexander Hock
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Ward-Takahashi identities
5[(]5] :V< Ian OHnmqs AZ ,b,c= Ianl Oaabc¢nm¢ I¢In)

The identity is obtained by the invariance of Z[J] under U(N)
transformation (¢? — Ug?UT, fix a).
Transformation of one field

2 N
Z ’ VoS (s
9J3.0J; " E,—E 9J3, ~ kn9Ja

+
m k=0
N 3 3 3
0 P
- V(E kgo Cél (U"’“’ 0J3,0J50J9 7> amwﬁ,m)
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Ward-Takahashi identities
5[(]5] :V< Ian OHnmqs AZ ,b,c= Ianl Oaabc¢nm¢ I¢In)

The identity is obtained by the invariance of Z[J] under U(N)
transformation (¢? — ¢'?(¢?, ¢°), #° — ¢’°(4?, ¢?)).

Mixed Transformation
ﬁ“: 02 V ﬁf: b0 D
< 9 _j;’;’ka B T E,—E kg3, Kb

+
m k=0
N 3 3 3
P 0
- V(E k; Cél (U"“’ 0J2,0J50J9 ~ 7> ankan,aJ,'gn>
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» Using the Ward identities twice
» Performing the large V, N limit

> Closed integral equations are derived for this special model

12
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Nonlinear closed integral equation of the 2-point func-
tion for the 3-colour model

2
aa 1 A

= +
P2 14+ pr+p2 (L+p1+p2)(p1—p2)

/\2
< (363 [ da (G35 )

2
- A dq —P9 PP Ggfq — Gs{;pz _|_/ dq ;;q — GglaP2>
0 q—p2 qg—pm

Can be used perturbatively

p1p2 n, p1p2

G2 Z)\nG aa
n=0
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3-Colour model, 2-point function perturbative result
(N? = oo)

1 2X%log(75)

= +
P2 14 pitp2 (14 p1+p2)2(p1— p2)
14+
. 24 3log( o)
(L4 p1+ p2)*(pr — p2) \ (1 + p1 + p2)(P1 — P2)
2log(l1+p1)  2log(l+ po)
pi(1+2p1)(1+p1)  p2(l+2p2)(1 + p2)
2 :
(1 2p) (F F2Lia(2y)) (14 2p1) (5 2Lia(:2)
(L+2p1)*(1+ p1+ p2) (1+2p2)*(1+ p1+ p2)

aa
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{ log(1 4 p1)fi(p1. p2) + 72 log(1 + p1)fa(p1, p2) + log(1 + p1)*f3(p1, p2)

2 . 1
(L12(1+p1) ?) f4(P17 P2) + L|2(1+p1) |Og( 11,12)7[5([31’ p2)
3
+ (Li3(—p1) +Lis($25;) + Lia($2) log(1 + p1) + log(1+p1)*
71'2 O,
_ %)fﬁ(

p1, P2)

+ (Lis(g25) + = SR ) £ (pr, po) |+ {p1 > pa)

+ log(121)*fs(p1, p2) + log(L + p1) log(L + p2)fo(p1, p2) + 7 Fro(pr, p2)

+ 7°log(2) i1 (p1, p2) + ¢(3)faa(p1, p2) | A° + O(N®)

Alexander Hock



-
— — Westfilische
T Wilhelms-Universitit
Miinster 16

» The closed equation gives the sum over all diagrams at a
certain order

» The result is known up to the third order and fits perfectly
with the loop expansion

» Polylogs and the ( function appear
» At higher order Harmonic Polylogs are supposed to appear

» Closed integral equations are given for any N-point function

Alexander Hock
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Summary

v

Moyal product leads to matrix models for scalar fields
The Ward identity is the same in the ¢** model

Schwinger-Dyson equation + Ward identity
— closed equation in the large V, N limit

v

v

v

Interaction of more fields leads to complicated Ward
identities

» However, closed equations exist
Outlook

» Perturbation to higher order — exact solution?

» Relation to the higher boundary sector

» Extension to 4,6 dimension

Alexander Hock



Westfilische

Wilhelms-Universitit

Miinster

Thank you for your attention!

18
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