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Ζ = Ζ = ΣΣσσ  exp(-Hexp(-H((σσ)) )) ==  Σ Σ ΠΠ  weightsweights

IsingIsing  H(H(σσ))  = −Σ  = −Σα,β α,β n.nn.n  JJ  σσα α σσββ
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Ζ = Ζ = ΣΣσσ  exp(-Hexp(-H((σσ)) )) ==  Σ Σ ΠΠ  weightsweights

IsingIsing  H(H(σσ))  = −Σ  = −Σα,β α,β n.nn.n  JJ  σσα α σσββ

  T   =  T   =  VV1/21/2 W V W V1/2  1/2   = =  ee--HH
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V = exp KV = exp K    ΣΣ  σσxx
jj σ σxx

jj+1+1  W = exp L*W = exp L*  
  ΣΣ  σσzz

jj

σσxx   =     1   0                   =     1   0                σσzz          =     0 1=     0 1
              0 −1                               1 0              0 −1                               1 0(    )(    )(     )(     )

Ζ = Ζ = ΣΣσσ  exp(-Hexp(-H((σσ)) )) ==  Σ Σ ΠΠ  weightsweights

IsingIsing  H(H(σσ))  = −Σ  = −Σα,β α,β n.nn.n  JJ  σσα α σσββ

  T   =  T   =  VV1/21/2 W V W V1/2  1/2   = =  ee--HH
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C{+,C{+,−−}}ZZ   =       =    ⊗ZZ22  ((CC22)       )       →   →   M2 ⊗ M2 ⊗ M2 ⊗ M2 ⊗ .... Pauli  
22

µµ(F)    =  (F)    =  ϕϕµµ((FFββ))  ααt     t     = T= T−−itit(  )T(  )Tit it  = Ad  = Ad eeiiHHtt
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C{+,C{+,−−}}ZZ   =       =    ⊗ZZ22  ((CC22)       )       →   →   M2 ⊗ M2 ⊗ M2 ⊗ M2 ⊗ .... Pauli  
22

µµ(F)    =  (F)    =  ϕϕµµ((FFββ))  ααt     t     = T= T−−itit(  )T(  )Tit it  = Ad  = Ad eeiiHHtt

( )( )

ϕϕ00
+ + = = ⊗NN     ω  ω  

ϕϕ00
− − = = ⊗NN     ωω

  

ϕϕinfiniteinfinite
  = = ⊗NN     ω  ω  

ϕϕ00
+ + = = ϕϕinfiniteinfinite

  νν

11
00

1/21/21/21/2

1/21/21/21/2

00
11

( )( )
(    )(    ) ωωξξΑΑ  =<Αξ,ξ> =<Αξ,ξ> 

Araki - EvansAraki - Evans
Evans - LewisEvans - Lewis
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σσxx
jj σ σxx

jj+1+1    σσzz
jj↔↔

ν ν σσxx
jj σ σxx

jj+1+1   =    = σσzz
jj+1+1

ν ν σσzz
j                 j                 = = σσxx

jj σ σxx
jj+1+1    

ν ν σσxx
jj  = σ= σzz

1 1 σσzz
2 2 ……  σσzz

jj

νν2 2 = = shift on even algebrashift on even algebra νν2 2 σσxx
jj
  = σ= σxx

1 1 σσxx
jj+1+1  
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µµ(F)    =  (F)    =  ϕϕµµ((FFββ))  ααt     t     = T= T−−itit(  )T(  )Tit it  = Ad  = Ad eeiiHHtt
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ϕϕ00
− − = = ⊗NN     ωω
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ϕϕ00
+ + = = ϕϕinfiniteinfinite
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11
00

1/21/21/21/2

1/21/21/21/2

00
11

( )( )
(    )(    ) ωωξξΑΑ  =<Αξ,ξ> =<Αξ,ξ> 

Araki - EvansAraki - Evans
Evans - LewisEvans - Lewis
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M2 ⊗ M2 ⊗ M2 ⊗ M2 ⊗ ....     ⊂     Cuntz algebra O2 = C*(s+, s−)  

s+ s+* + s− s−* = 1 

νν((s+  + σ s−)/21/2  = s+ sσ sσ* + s− s−σ s−σ*       σ = + or -
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M2 ⊗ M2 ⊗ M2 ⊗ M2 ⊗ ....     ⊂     Cuntz algebra O2 = C*(s+, s−)  

s+ s+* + s− s−* = 1 

νν((s+  + σ s−)/21/2  = s+ sσ sσ* + s− s−σ s−σ*       σ = + or -

νν22(sσ) =   s+ sσ s+*  + s− s−σ s−* 

νν22(x)  =   s+ x s+*   + s−α(x) s−* 

α : α : s+ ↔↔  s− νν2 2 = = idid + α + α

αν = ναν = ν
νν

idid α α 

xx

αα(x)(x)
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Z =                    =                      =    trTN
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χλ(τ) = trλ e2πiτ(Lo -c/24)  →     tr e2πiτ(Lo -c/24) e-2πiτ(Lo -c/24)−−

Z =                    =                      =    trTN
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=   Σ Zλµ χλ(τ) χµ(τ)*  = Z(τ) = Z((aτ + b)/(cτ+d))

χλ(τ) = trλ e2πiτ(Lo -c/24)  →     tr e2πiτ(Lo -c/24) e-2πiτ(Lo -c/24)−−

Z =                    =                      =    trTN
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=   Σ Zλµ χλ(τ) χµ(τ)*  = Z(τ) = Z((aτ + b)/(cτ+d))

Z = [Zλµ]      ∈     SL(2, Z)′
  Zλµ  ∈   0,1,2,3,....             Ζ00  = 1

Classify:

χλ(τ) = trλ e2πiτ(Lo -c/24)  →     tr e2πiτ(Lo -c/24) e-2πiτ(Lo -c/24)−−

Z =                    =                      =    trTN
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Ising model λ ∈ {• , +, −}
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Ising model λ ∈ {• , +, −}

ga Fermions

L0 =      Σ      r gr
*

 gr                                     χ±  
r r   ∈ N −1/2  

L0 =      Σ      n gn
*

 gn                                  χ• 

n n   ∈ N
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Ising model λ ∈ {• , +, −}

ga Fermions

L0 =      Σ      r gr
*

 gr                                     χ±  
r r   ∈ N −1/2  

L0 =      Σ      n gn
*

 gn                                  χ• 

n n   ∈ N

   χ+ + χ−  = q-1/48   Π   (1  ± qn-1/2)

     χ•      = q1/24    Π   (1 +  qn)

n n   ∈ N

n n   ∈ N

 q = e2πiτ

χ = tr qL0 - c/24
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Ising model λ ∈ {• , +, −}

ga Fermions

L0 =      Σ      r gr
*

 gr                                     χ±  
r r   ∈ N −1/2  

L0 =      Σ      n gn
*

 gn                                  χ• 

n n   ∈ N

   χ+ + χ−  = q-1/48   Π   (1  ± qn-1/2)

     χ•      = q1/24    Π   (1 +  qn)

n n   ∈ N

n n   ∈ N

 q = e2πiτ

χ = tr qL0 - c/24

(   )
1        21/2       1
21/2     0     −21/2 
1       −21/2     0

τ          τ+1                                     Τ =  
e-πi/24

          e-πi/12

                   eπi23/24

τ          −1/τ                                    S =  (   )
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Z = [Zλµ]      ∈     SL(2, Z)′
  Zλµ  ∈   0,1,2,3,....             Ζ00  = 1

Classify:

 λ endomorphism N type ΙΙΙ1 factor:  λµ = Σν Νλµ
ν ν

0    10    1
−−1  01  0 →    [   [SSλµλµ]] 1   11   1

0   10   1
→   [TTλµλµ]]

λµ = Ad u(λ,µ)  µλ u(λ,µ) = 
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Z = [Zλµ]      ∈     SL(2, Z)′
  Zλµ  ∈   0,1,2,3,....             Ζ00  = 1

Classify:

••      Loop groups  SU(2), .., SU(N) etc          Loop groups  SU(2), .., SU(N) etc          WassermanWasserman

••      Quantum double of finite group, Haagerup Quantum double of finite group, Haagerup subfactor subfactor etcetc
                                                              OcneanuOcneanu, Izumi, Izumi

Braided systems of Braided systems of endomorphismsendomorphisms::

πλ(LISU(n))′′    ⊂    πλ(LI′SU(n))′

λ=0:       Ν = Ν   ΙΙΙ1 factor ,         λΝ   ⊂   Ν
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Σ Zλµ χλ χµ
*

  
          N       ⊂              M
A on                 B on

Σ  χλ χ λ*

Σ  χτ χστ*
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Σ Zλµ χλ χµ
*

  
          N       ⊂              M
A on                 B on

 Σ  bτλ  χλ  =  χτ

Σ  χλ χ λ*

NMN  = sum of λ’s

Σ  χτ χστ*
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Σ Zλµ χλ χµ
*

  
          N       ⊂              M
A on                 B on

 Σ  bτλ  χλ  =  χτ

Σ  χλ χ λ*

Z = Σ  χτ χστ*  = Σ  (Σ  bτλ χλ )(Σ  bστ λ χλ)*

    = Σ  (Σ  bτλbστµ) χλ χµ
*   = Σ  Ζλµ χλ χµ

* 

NMN  = sum of λ’s

Σ  χτ χστ*

Zλµ = Σ  bτλbστµ
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Σ Zλµ χλ χµ
*

  
          N       ⊂              M
A on                 B on

 Σ  bτλ  χλ  =  χτ

Σ  χλ χ λ*

Z = Σ  χτ χστ*  = Σ  (Σ  bτλ χλ )(Σ  bστ λ χλ)*

    = Σ  (Σ  bτλbστµ) χλ χµ
*   = Σ  Ζλµ χλ χµ

* 

NMN  = sum of λ’s

NMN  = Σ Z0,λ λ    local

Σ  χτ χστ*

Zλµ = Σ  bτλbστµ
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Σ Zλµ χλ χµ
*

  
          N       ⊂              M
A on                 B on

 Σ  bτλ  χλ  =  χτ

Σ  χλ χ λ*

Z = Σ  χτ χστ*  = Σ  (Σ  bτλ χλ )(Σ  bστ λ χλ)*

    = Σ  (Σ  bτλbστµ) χλ χµ
*   = Σ  Ζλµ χλ χµ

* 

NMN  = sum of λ’s

NMN  = Σ Z0,λ λ    local

Σ  χτ χστ*

Zλµ = Σ  bτλbστµ N  ⊂    Μ±  ⊂    M  Bockenhauer-Evans
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Σ Zλµ χλ χµ
*

  
          N       ⊂              M
A on                 B on

 Σ  bτλ  χλ  =  χτ

Σ  χλ χ λ*

Z = Σ  χτ χστ*  = Σ  (Σ  bτλ χλ )(Σ  bστ λ χλ)*

    = Σ  (Σ  bτλbστµ) χλ χµ
*   = Σ  Ζλµ χλ χµ

* 

NMN  = sum of λ’s

NMN  = Σ Z0,λ λ    local

Σ  χτ χστ*

Zλµ = Σ  bτλbστµ N  ⊂    Μ±  ⊂    M  Bockenhauer-Evans

N(I)⊗N(J)opp    ⊂   M+(I)⊗M−(J)opp   ⊂  B(I×J)

Σ Zλ,µ λ⊗µopp

Σ  τ⊗ στopp

B-E+Rehren
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N ⊂ M - induce λ to αλ using braiding and opposite braiding

A+ ∩ A-  = B
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•  Ζλµ =   < +αλ,−αµ>  is a modular invariant
                                            Bockenhauer-Evans-Kawahigashi,

Feng Xu, Ocneanu
 

N ⊂ M - induce λ to αλ using braiding and opposite braiding

A+ ∩ A-  = B
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•  Ζλµ =   < +αλ,−αµ>  is a modular invariant
                                            Bockenhauer-Evans-Kawahigashi,

Feng Xu, Ocneanu
 

N ⊂ M - induce λ to αλ using braiding and opposite braiding

A+ ∩ A-  = B

•  N-M sectors from ιλ

                             ι: N ⊂ M,    λ ∈ N-N system
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•  Ζλµ =   < +αλ,−αµ>  is a modular invariant
                                            Bockenhauer-Evans-Kawahigashi,

Feng Xu, Ocneanu
 

N ⊂ M - induce λ to αλ using braiding and opposite braiding

A+ ∩ A-  = B

•  N-M sectors from ιλ

                             ι: N ⊂ M,    λ ∈ N-N system

•  M-M sectors from ι λ ι-  

               CIZ graph for  ZZ*                
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NλNµ = Σν Νλµ
ν Nν Νλ

   = Σκ  Sλκ/ S0κ |Sκ>< Sκ|

Verlinde algebraNNλ λ = [= [NNλµλµ
νν]]µνµν

λµ = Σν Νλµ
ν ν
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G action of N-N G action of N-N   on N-Mon N-M

GGλ λ = [= [GGλλaa
bb]]ab ab   GλGµ = Σν Νλµ

ν Gν

Gλ
   = Σκ  Sλκ/ S0κ |ψκ><ψκ|

NλNµ = Σν Νλµ
ν Nν Νλ

   = Σκ  Sλκ/ S0κ |Sκ>< Sκ|

Verlinde algebraNNλ λ = [= [NNλµλµ
νν]]µνµν

λµ = Σν Νλµ
ν ν
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σσ((GGλλ) = {) = {SSλµλµ/S/S00λ λ : : multiplicity multiplicity ZZλλλλ}}              Bockenhauer-Evans-KawahigashiBockenhauer-Evans-Kawahigashi

G action of N-N G action of N-N   on N-Mon N-M

GGλ λ = [= [GGλλaa
bb]]ab ab   GλGµ = Σν Νλµ

ν Gν

Gλ
   = Σκ  Sλκ/ S0κ |ψκ><ψκ|

NλNµ = Σν Νλµ
ν Nν Νλ

   = Σκ  Sλκ/ S0κ |Sκ>< Sκ|

Verlinde algebraNNλ λ = [= [NNλµλµ
νν]]µνµν

λµ = Σν Νλµ
ν ν
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σσ((GGλλ) = {) = {SSλµλµ/S/S00λ λ : : multiplicity multiplicity ZZλλλλ}}              Bockenhauer-Evans-KawahigashiBockenhauer-Evans-Kawahigashi

nimrep        gives ADE classification for SU(2)      Capelli-Itzykson-Zuber
nonnegative integer matrix rep of original Verlinde algebra

G action of N-N G action of N-N   on N-Mon N-M

GGλ λ = [= [GGλλaa
bb]]ab ab   GλGµ = Σν Νλµ

ν Gν

Gλ
   = Σκ  Sλκ/ S0κ |ψκ><ψκ|

NλNµ = Σν Νλµ
ν Nν Νλ

   = Σκ  Sλκ/ S0κ |Sκ>< Sκ|

Verlinde algebraNNλ λ = [= [NNλµλµ
νν]]µνµν

λµ = Σν Νλµ
ν ν
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A cyclic
D dihedral

E6 tetrahedral
E7 octahedral
E8 icosahedral

subgroups of SU(2)
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ADE classification

eigenvalues      2 cos π λ/12      = S1λ /S0λ     λ exponents       

0 1 2 3 4 5 6 7 8 9 10 

0 2 4 6 8 10  5

0 3 4 6 7 10

   SU(2)10
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ZA  = | χ0 |2 + | χ1 |2 + | χ2 |2 + | χ3 |2 + .. .. + | χ8 |2  + | χ9 |2 + | χ10 |2

ZD  = | χ0 |2 + | χ10 |2 + | χ2 |2 + | χ8 |2 + | χ4 |2 +| χ6 |2 +  | χ5 |2
                     + χ1 χ9∗ +  χ9 χ1∗ +  χ3 χ7∗+  χ7 χ3∗ 

ZE  = | χ0  +  χ6 |2 + | χ4 +  χ10 |2 +  | χ3  +  χ12|2 
 

σσ(E(E66) = {) = {SSλµλµ/S/S00λ λ : λ: λ =  = 0, 6, 4, 10, 3, 120, 6, 4, 10, 3, 12}}

SU(2)10       A11   D7    E6       Capelli-Itzykson-Zuber
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M2

M2 ⊗ M2

t
   t-1

t
   t-1

 ⊗
t
   t-1

= t2

   1
       1
           t-2

C ⊕ C

C ⊕  M2 ⊕ C

(   )
(   ) (   )

(M2 ⊗ M2 ⊗ M2 ⊗ M2 ⊗ ....  )T         ⊗ Ν Ad   t            
                                                                             t−1(    )



38

M2

M2 ⊗ M2

t
   t-1

t
   t-1

 ⊗
t
   t-1

= t2

   1
       1
           t-2

C ⊕ C

C ⊕  M2 ⊕ C

(   )
(   ) (   )

Κ0(⊗Ν M2)T  = Z[t] tm(1-t)n

P(t) > 0  on (0,1)  Renault

(M2 ⊗ M2 ⊗ M2 ⊗ M2 ⊗ ....  )T         ⊗ Ν Ad   t            
                                                                             t−1(    )
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M2

M2 ⊗ M2

t
   t-1

t
   t-1

 ⊗
t
   t-1

= t2

   1
       1
           t-2

C ⊕ C

C ⊕  M2 ⊕ C

(   )
(   ) (   )

Κ0(⊗Ν M2)T  = Z[t] tm(1-t)n

P(t) > 0  on (0,1)  Renault

(M2 ⊗ M2 ⊗ M2 ⊗ M2 ⊗ ....  )T         ⊗ Ν Ad   t            
                                                                             t−1(    )

Κ0(⊗Ν M2)SU(2)  = Z[t] Pi tPi = Pi−1 + Pi+1

P(t) > 0  on (0,1/4) A Wassermann
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Κ0(⊗Ν M2)SU(2)  = Z[t] = RSU(2) Pi tPi = Pi−1 + Pi+1

Verlinde algebra at ∞ level   
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Κ0(⊗Ν M2)SU(2)  = Z[t] = RSU(2) Pi tPi = Pi−1 + Pi+1

Verlinde algebra at ∞ level   

Κ0(⊗Ν M2)SUq(2)  = RSU(2) /<Pk>

Verlinde algebra at level k  

Evans-Gould

q = eiπ/(k+2)

P((2 cos π/(k+2))-2) > 0 
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Κ0(⊗Ν M2)SU(2)  = Z[t] = RSU(2) Pi tPi = Pi−1 + Pi+1

Verlinde algebra at ∞ level   

Κ0
SUq(2) (⊗Ν M2)   equivariant K-theory

Κ0(⊗Ν M2)SUq(2)  = RSU(2) /<Pk>

Verlinde algebra at level k  

Evans-Gould

q = eiπ/(k+2)

P((2 cos π/(k+2))-2) > 0 
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Κ0(⊗Ν M2)SU(2)  = Z[t] = RSU(2) Pi tPi = Pi−1 + Pi+1

Verlinde algebra at ∞ level   

Κ0
SUq(2) (⊗Ν M2)   equivariant K-theory

twistΚ0
SU(2) (SU(2))  Freed Hopkins Teleman

Κ0(⊗Ν M2)SUq(2)  = RSU(2) /<Pk>

Verlinde algebra at level k  

Evans-Gould

q = eiπ/(k+2)

P((2 cos π/(k+2))-2) > 0 
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Verlinde algebra

τΚ0
G(G)  G on G by conjugation
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Verlinde algebra

τΚ0
G(G)  G on G by conjugation

G finite: C(G) = CG Κ0(G) = ZG
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Verlinde algebra

τΚ0
G(G)  G on G by conjugation

irreducibles/primary fields             (g,π) 
                                                      G, G^

Κ0
G(G) = ZG ⊗ R(G)     as C(G)×G = C(G)⊗C*(G)

G abelian

G finite: C(G) = CG Κ0(G) = ZG
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Verlinde algebra

τΚ0
G(G)  G on G by conjugation

irreducibles/primary fields             (g,π) 
                                                      G, G^

Κ0
G(G) = ZG ⊗ R(G)     as C(G)×G = C(G)⊗C*(G)

G abelian

G finite: C(G) = CG Κ0(G) = ZG

Ν ⊂ Ν×G    doubled:       Ν×G ⊂  N×(G×G)

G ⊂  G×G    ≈    G on G
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ννg g ννh h = Ad u(g,h) = Ad u(g,h) ννghgh

((ννg g ννh h ))  ννk k = = ννg  g  ((ννh h ννk k ))

u(g,h)u(u(g,h)u(ghgh,k) ,k) ==ωω(g,h,k) (g,h,k) ννgguu(h,k) u(g,(h,k) u(g,hkhk)      )      ωω  ∈  Z  Z33(G,T)(G,T)

ννg g ∈ Aut(N)     g ∈ G  finite groupfinite group
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hh

aa
hahhah-1-1HomHom((ννh h ννa a ,,  ννhah  hah  ννh h ) = C u(hah) = C u(hah-1-1, h) u(h, a)*  =, h) u(h, a)*  =-1-1

ννg g ννh h = Ad u(g,h) = Ad u(g,h) ννghgh

((ννg g ννh h ))  ννk k = = ννg  g  ((ννh h ννk k ))

u(g,h)u(u(g,h)u(ghgh,k) ,k) ==ωω(g,h,k) (g,h,k) ννgguu(h,k) u(g,(h,k) u(g,hkhk)      )      ωω  ∈  Z  Z33(G,T)(G,T)

ννg g ∈ Aut(N)     g ∈ G  finite groupfinite group
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hh

aa
hahhah-1-1HomHom((ννh h ννa a ,,  ννhah  hah  ννh h ) = C u(hah) = C u(hah-1-1, h) u(h, a)*  =, h) u(h, a)*  =-1-1

ννg g ννh h = Ad u(g,h) = Ad u(g,h) ννghgh

((ννg g ννh h ))  ννk k = = ννg  g  ((ννh h ννk k ))

u(g,h)u(u(g,h)u(ghgh,k) ,k) ==ωω(g,h,k) (g,h,k) ννgguu(h,k) u(g,(h,k) u(g,hkhk)      )      ωω  ∈  Z  Z33(G,T)(G,T)

ννg g ∈ Aut(N)     g ∈ G  finite groupfinite group

t(haht(hah-1-1, k) t(a, h) = w t(a, , k) t(a, h) = w t(a, khkh))
  w  = w  = ωω(k, h, a)(k, h, a)ωω-1-1(k, hah(k, hah-1-1, h), h)ωω(khah(khah-1-1kk-1-1, k, h), k, h)
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hh

aa
hahhah-1-1HomHom((ννh h ννa a ,,  ννhah  hah  ννh h ) = C u(hah) = C u(hah-1-1, h) u(h, a)*  =, h) u(h, a)*  =-1-1

ννg g ννh h = Ad u(g,h) = Ad u(g,h) ννghgh

((ννg g ννh h ))  ννk k = = ννg  g  ((ννh h ννk k ))

u(g,h)u(u(g,h)u(ghgh,k) ,k) ==ωω(g,h,k) (g,h,k) ννgguu(h,k) u(g,(h,k) u(g,hkhk)      )      ωω  ∈  Z  Z33(G,T)(G,T)

ννg g ∈ Aut(N)     g ∈ G  finite groupfinite group

w w ∈  H  H22(G on G,T) =  H(G on G,T) =  H22
GG(G,T) (G,T) → HH33

GG(G, Z))(G, Z))

HH33(G,T)(G,T)
Connes-JonesConnes-Jones

→
HH33

GG(G, Z)(G, Z)
Dixmier-DouadyDixmier-Douady

t(haht(hah-1-1, k) t(a, h) = w t(a, , k) t(a, h) = w t(a, khkh))
  w  = w  = ωω(k, h, a)(k, h, a)ωω-1-1(k, hah(k, hah-1-1, h), h)ωω(khah(khah-1-1kk-1-1, k, h), k, h)



52

ννg g ννh h = Ad u(g,h) = Ad u(g,h) ννghgh

((ννg g ννh h ))  ννk k = = ννg  g  ((ννh h ννk k ))

u(g,h)u(u(g,h)u(ghgh,k) ,k) ==ωω(g,h,k) (g,h,k) ννgguu(h,k) u(g,(h,k) u(g,hkhk)      )      ωω  ∈  Z  Z33(G,T)(G,T)

ωωKKGG(G) (G) ≈ N-N sectors N-N sectors

hh

hh
aa

hahhah-1-1

VVa a ⊗                             ≈  VVhah hah aa -1-1

HomHom((ννh h ννa a ,,  ννhah  hah  ννh h ) = C u(hah) = C u(hah-1-1, h) u(h, a)*  =, h) u(h, a)*  =-1-1

ννg g ∈ Aut(N)  

HH33 = level = level
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Conformal embedding for finite groups

G×G → G → L
α        π

(a,b) → ab-1

H = ker πα  ⊇  Δ
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Conformal embedding for finite groups

G×G → G → L
α        π

(a,b) → ab-1

H = ker πα  ⊇  Δ

σ−restriction   K0
L(L) →  K0

G(G) 
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Conformal embedding for finite groups

G×G → G → L
α        π

(a,b) → ab-1

H = ker πα  ⊇  Δ

σ−restriction   K0
L(L) →  K0

G(G) 

σl,ψ   =    Σ [g,ψπ]
  L,L^     g∈π-1(l)

Θ = restriction of H-H trivial bundle to Δ−Δ
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Conformal embedding for finite groups

G×G → G → L
α        π

(a,b) → ab-1

H = ker πα  ⊇  Δ

σ−restriction   K0
L(L) →  K0

G(G) 

σl,ψ   =    Σ [g,ψπ]
  L,L^     g∈π-1(l)

Θ = restriction of H-H trivial bundle to Δ−Δ

Θ ⊗Δ λ

HHHH
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Conformal embedding for finite groups

G×G → G → L
α        π

(a,b) → ab-1

H = ker πα  ⊇  Δ

σ−restriction   K0
L(L) →  K0

G(G) 

α−induction K0
L(L) →  K0

H-H(G×G)

σl,ψ   =    Σ [g,ψπ]
  L,L^     g∈π-1(l)

Θ = restriction of H-H trivial bundle to Δ−Δ

Θ ⊗Δ λ

HHHH
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Conformal embedding for finite groups

G×G → G → L
α        π

(a,b) → ab-1

H = ker πα  ⊇  Δ

σ−restriction   K0
L(L) →  K0

G(G) 

α−induction K0
L(L) →  K0

H-H(G×G)

α+ :[a,θ]  →  [(a×1)H, (θ×1)|H]               K0
Δ-H(G×G)   

α− :[b,ψ]  → [(1×b)H, (ψ×1)|H]              K0
H-Δ (G×G)   

α+  ∩   α−    ≈    K0
L(L)    

σl,ψ   =    Σ [g,ψπ]
  L,L^     g∈π-1(l)

Θ = restriction of H-H trivial bundle to Δ−Δ

Θ ⊗Δ λ

HHHH
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T =T =   = = 
  

KK00 KK00 KK00

KK11 KK11

  

KK11

  

+

+
γ

(x,y)                (x+y,x +    y)
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T =T =   = = 
  

KK00 KK00 KK00

KK11 KK11

  

KK11

  

+

+
γ

(x,y)                (x+y,x +    y)

K0(T) = ker γ = Z               K1(T) = coker γ = Z
K0

T(T) = ker γ = R(T)        K1
T(T) = coker γ = R(T) 
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T =T =   = = 
  

KK00 KK00 KK00

KK11 KK11

  

KK11

  

+

+
γ

(x,y)                (x+y,x +    y)ak

kK0
T(T) = ker γ = 0          kK1

T(T) = coker γ = R(T)/(1-ak)R(T)    

K0(T) = ker γ = Z               K1(T) = coker γ = Z
K0

T(T) = ker γ = R(T)        K1
T(T) = coker γ = R(T) 
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T =T =   = = 
  

Twist  in H1             K0 =  0          K1 = Z/2 

KK00 KK00 KK00

KK11 KK11

  

KK11

  

+

+
γ

(x,y)                (x+y,x +    y)ak

kK0
T(T) = ker γ = 0          kK1

T(T) = coker γ = R(T)/(1-ak)R(T)    

K0(T) = ker γ = Z               K1(T) = coker γ = Z
K0

T(T) = ker γ = R(T)        K1
T(T) = coker γ = R(T) 
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T =T =   = = 
  

compacts

Uπ U* =   χk π

K (L2(TT))

π = regular representationAd U to glue
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T =T =   = = 
  

compacts

Uπ U* =   χk π

K (L2(TT))

π = regular representationAd U to glue

 point                •

K0
T(point)       kK1

T(T)

•

• •
••

• •
•
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SU(2) on SU(2)

Conjugacy classes T/Z2

t             ∼        t-1

       t-1                                 t
SU(2)   T

•

•

•

•

1

−1

(    ) (    )

•
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UπT U* =   χk  πT

Η3
SU(2) SU(2)  ≈  Z

character of stabiliser TK (L2(SU(2)))

SU(2) on SU(2)

Conjugacy classes T/Z2

t             ∼        t-1

       t-1                                 t
SU(2)   T

•

•

•

•

1

−1

(    ) (    )

•
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ω  + ω−1
      = z

(⊗Ν M2)T

RT  ≈  Δ 
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ω  + ω−1
      = z

(⊗Ν M2)T

RT  ≈  Δ 

dim(⊗k
 M2)T  = <Δ2k Ω,Ω>  =           (ω + ω-1)2k dω       

               =                  z2k  dz
                               π √(4 − z2)
                           

Δ = U + U* on l2(Z)
•
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ω  + ω−1
      = z

(⊗Ν M2)T

RT  ≈  Δ 

dim(⊗k
 M2)SU(2)  = <Δ2k Ω,Ω> =

                               z2k √ (4−z2) dz
                                      2 π 

Δ  = S + S* on l2(N)
•

dim(⊗k
 M2)T  = <Δ2k Ω,Ω>  =           (ω + ω-1)2k dω       

               =                  z2k  dz
                               π √(4 − z2)
                           

Δ = U + U* on l2(Z)
•



70

ω1
  + ω2

−1 + ω1
−1

 ω2      = z
ω1

  
     ω2

−1

            ω1
−1

 ω2

Τ2
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ω1
  + ω2

−1 + ω1
−1

 ω2      = z
ω1

  
     ω2

−1

            ω1
−1

 ω2

Τ2

Δ = U⊗1 +1⊗U*+U*⊗U
         on l2(Z×Z)dim(⊗k

 M3)T2  = <|Δ|2k Ω,Ω> 

                             3  |z|2k  dz
                π2 (27−18 |z|2 +4z2 +4z*3−|z|4)1/2

                           

=
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ω1
  + ω2

−1 + ω1
−1

 ω2      = z
ω1

  
     ω2

−1

            ω1
−1

 ω2

Τ2

Δ = U⊗1 +1⊗U*+U*⊗U
         on l2(Z×Z)dim(⊗k

 M3)T2  = <|Δ|2k Ω,Ω> 

                             3  |z|2k  dz
                π2 (27−18 |z|2 +4z2 +4z*3−|z|4)1/2

                           

=

dim(⊗k
 M3)SU(3)  = <|Δ|2k Ω,Ω> 

                               |z|2k (27−18 |z|2 +4z2 +4z*3−|z|4)1/2 dz
                                                 2π2 
                           Δ = S⊗1 +1⊗S*+S*⊗S on l2(N×N)

=
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T, SU(2)    →    ADE < 2         affine ADE =2

Mod invts       finite subgps

T2, SU(3) →    ADE < 3                            =3

A(1)
4

•

•

• •
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T, SU(2)    →    ADE < 2         affine ADE =2

Mod invts       finite subgps

T2, SU(3) →    ADE < 3                            =3

A(1)
4

•

•

• •

• •

•

•

••

• •

A3 W × roots of 1

W = Im(ω)2 = (4-z2)1/2

•
••
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SU(3)        (E6)1

SU(3)        (E6)1×Z3



77

ω        ω + ω−1 = z

 ω2 −zω + 1 = 0 
ω = {z + i(4−z2)1/2}/2         z
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ω1
3

   − zω1
2

  + z*ω1
 − 1       = 0

ω2
3

   − z*ω2
2

  + zω2
 − 1       = 0

P = {[27 -9|z|2 + 2z3 +3.31/2 (27−18 |z|2 +4z2 +4z*3−|z|4)1/2]/2}1/3 

ω = z - P + (z3 −3z*)/3P

 z       ω, ω`       

ω1
, ω2          ω1

  + ω2
−1 + ω1

−1
 ω2      = zΤ2

ω        ω + ω−1 = z

 ω2 −zω + 1 = 0 
ω = {z + i(4−z2)1/2}/2         z
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Subfactor realisation:  Ocneanu, Feng Xu, Bockenhauer-Evans-Kawahigashi

SU(2)  ADE          Cappelli, Itzykson, Zuber

SU(2)4 → SU(3)1 SU(2)10 → Sp(4)1

N-N

N-M

M-M

D4     | χ0  +  χ4 |2 + 2 | χ2 |2 E6  | χ0  +  χ6 |2 + | χ4  +  χ10 |2 + | χ3  +  χ7 |2

ωωKKGG(G)(G)
Freed-Hopkins Freed-Hopkins TelemanTeleman
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SU(2)

•

•

1

−1

•
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SU(2)4        SU(3)1 

SU(2)10          Sp(4)1 

SU(2)28          (G2)1 
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SU(2) on Sp(4)

E2
p,q= Torp

R(SU2)(RSU2, τKq
Sp4(Sp4))

          K*
SU2(Sp4)  = Z2

Evans-GannonEvans-Gannon



83

∞-stabilisers
SU(2)
O(2)
SO(2)

finite stabiliers
E6
D5  D4
A5  A3

A1     generic

SU(2) on Sp(4)

τK0
SU2(               )  = 0

τK1
SU2(               )  = Z4

SU2 SU2

O2

O2SO2

Evans-GannonEvans-Gannon
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∞-stabilisers
SU(2)
O(2)
SO(2)

finite stabiliers
E6
D5  D4
A5  A3

A1     generic

SU(2) on Sp(4)

τK0
SU2(non-generics)  = Z12

SU2 SU2

O2

O2SO2

Evans-GannonEvans-Gannon
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D4            SU(2) → SO(3) → SU(3)                 

α     β
−β∗ α∗

Re    α2 −iβ2       −iα2 +β2         2ξαβ
         iα2 +β2       α2 +iβ2           2iξαβ
         −2ξα∗β    −2iξα∗β    |α|2 −|β|2 

ξ = eiπ/4

eiθ   0
0  −eiθ

R2θ   0
0      1→

E6            SU(2) → Sp(4)               

α     β
−β∗ α∗

→

→

α3             31/2α3β                β3       −31/2 αβ2

−31/2 α2β∗  (3|α|2 −2)β    31/2α∗ β2  (1−3|α|2)β  
−β∗3            31/2α∗β∗2                α∗3        31/2α∗2β∗     

−31/2α∗β∗2  (3|α|2  −1)β∗ −31/2α∗2β∗ (3|α|2 −2)β∗    

eiθ   0
0  −eiθ

→ Diagonal e3iθ   eiθ   e−3iθ   e−iθ

(           )

(               ) 

(      )

(     )

(     )

(      )

(     )


